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Abstract
It is shown that in the case of the spherically symmetric static
backgrounds there is a gauge in which the Dirac equation is manifestly
covariant under rotations. This allows us to separate the spherical
variables like in the flat space-time, obtaining a pair of radial equations
and a specific form of the radial scalar product.
In the gauge field theory [1] on curved space-time the physical meaning
does not depend on the choice of the natural (holonomic) frame or on the
gauge of the tetrad field which defines the local ones [2, 3]. However, from
the technical point of view, these frames are not completely equivalent in
the cases when the background has a global symmetry. Then, the symmetry
transformations of the tetrad field are generally local, arising from an induced
representation [4] of the gauge group for which the group of the global sym-
metry play the role of a little group. Hence, in such gauges we have to face
with the difficulties of the theory of the induced representations which could
hide some properties, especially when the form of the field equations depends
on the tetrad field, like in the Dirac theory. For this reason it seems that the
gauge in which the tetrad field as well as the field equation are manifestly
covariant under the global symmetry (i.e. transforming according to linear
representations) [2] could offer certain technical advantages.
The spherical symmetric static backgrounds have the global symmetry
of the group T (1) ⊗ SO(3), of the time translations and the rotations of
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the Cartesian space coordinates. There exist a gauge in which the tetrad
field in spherical coordinates has only diagonal components and another one
where the tetrad field in Cartesian coordinates is manifestly covariant under
rotations. This will be referred as the Cartesian gauge. Usually for deriving
the Dirac equation one prefers the diagonal tetrad gauge where the result
is obtained directly in spherical coordinates [5, 6]. Despite of the obvious
advantages of this gauge we believe that the study of the Dirac equation in
the Cartesian gauge is also interesting. This will be done here.
We show that in this gauge the Dirac equation can be put in a simple
form by using an appropriate transformation of the spinor field [6]. Since
this equation is manifestly covariant under rotations we can use the known
results from the special relativity in order to separate the spherical variables
in terms of the angular momentum eigenspinors [7, 8]. Thus we obtain the
radial equations and the form of the radial scalar product in the most general
case of a spherically symmetric static metric. We shall work in natural units,
h¯ = c = 1.
Let us consider a background where we have introduced the natural (holo-
nomic) frame of the coordinates xµ, µ = 0, 1, 2, 3. We denote by eµˆ(x) the
tetrad fields which define the local frames and by eˆµˆ(x) that of the corre-
sponding coframes. These have the usual orthonormalization properties
eµˆ · eνˆ = ηµˆνˆ , eˆµˆ · eˆνˆ = ηµˆνˆ , eˆµˆ · eνˆ = δµˆνˆ , (1)
where η =diag(1,−1,−1,−1) is the Minkowki metric. The 1-forms of the
local frames, dxˆµˆ = eˆµˆνdx
ν , allow one to write the line element
ds2 = ηµˆνˆdxˆ
µˆdxˆνˆ = gµν(x)dx
µdxν . (2)
which defines the metric tensor gµν of the natural frame. This raises or lowers
the Greek indices (ranging from 0 to 3) while for the hat Greek ones (with
the same range) we have to use the Minkowski metric, ηµˆνˆ . The derivatives
∂ˆνˆ = e
µ
νˆ∂µ satisfy the commutation rules
[∂ˆµˆ, ∂ˆνˆ ] = e
α
µˆe
β
νˆ (eˆ
σˆ
α,β − eˆσˆβ,α)∂ˆσˆ = C ··σˆµˆνˆ· ∂ˆσˆ (3)
defining the Cartan coefficients which halp us to write the conecttion com-
ponents in the local frames as
Γˆσˆµˆνˆ = e
α
µˆe
β
νˆ (eˆ
σˆ
β,α + eˆ
σˆ
γΓ
γ
αβ) =
1
2
ησˆλˆ(Cµˆνˆλˆ + Cλˆµˆνˆ + Cλˆνˆµˆ) (4)
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while the notation Γγαβ stands for the usual Christoffel symbols.
Let ψ be a Dirac free field of the mass M , defined on the space domain
D. This has the gauge invariant action [9]
S[ψ] =
∫
D
d4x
√−g
{
i
2
[ψ¯γαˆDαˆψ − (Dαˆψ)γαˆψ]−Mψ¯ψ
}
(5)
where
Dαˆ = ∂ˆαˆ +
i
2
S βˆ·
·γˆ Γˆ
γˆ
αˆβˆ
, (6)
are the covariant derivatives of the spinor field and g = det(gµν). The Dirac
matrices, γαˆ, and the generators of the reducible spinor representation of the
SL(2, C) group, Sαˆβˆ, satisfy
{γαˆ, γβˆ} = 2ηαˆβˆ, [γαˆ, γβˆ] = −4iSαˆβˆ, (7)
[Sαˆβˆ, γµˆ] = i(ηβˆµˆγαˆ − ηαˆµˆγβˆ). (8)
Thereby it results that the field equation,
iγαˆDαˆψ −Mψ = 0, (9)
derived from (5) can be written as
iγαˆeµαˆ∂µψ −Mψ +
i
2
1√−g∂µ(
√−geµαˆ)γαˆψ −
1
4
{γαˆ, S βˆ·
·γˆ }Γˆγˆαˆβˆψ = 0. (10)
On the other hand, from the conservation of the electric charge we can deduce
that when e0i = 0, i = 1, 2, 3, then the time-independent relativistic scalar
product of two spinors is [9]
(ψ, ψ′) =
∫
D
d3xµ(x)ψ¯(x)γ0ψ′(x), µ =
√−ge00. (11)
Our aim is to discuss here only the case of the spherically symmetric
static backgrounds which, as mentioned, have the global symmetry of the
T (1)⊗SO(3) group. These have natural frames of the Cartesian coordinates
x0 = t and xi, i = 1, 2, 3, in which the metric tensor is time-independent and
manifestly covariant under the rotations R ∈ SO(3) of the space coordinates,
xµ → x′µ = (Rx)ν (t′ = t, x′i = Rijxj). (12)
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The most general form of a such a metric is given by the line element
ds2 = gµν(x)dx
µdxν = A(r)dt2 − [B(r)δij + C(r)xixj ]dxidxj (13)
where A, B and C are arbitrary functions of the Euclidian norm of
→
x, r =
| →x | (which is invariant under rotations). In applications it is convenient to
replace these functions by new ones, u, v and w, such that
A = w2, B =
w2
v2
, C =
w2
r2
(
1
u2
− 1
v2
)
. (14)
Then the metric appears as the conformal transformation of that simpler one
having w = 1.
Starting with a Cartesian natural frame we define the Cartesian gauge in
which the static tetrad field transforms under the rotations (12) according
to the rule
dxˆµˆ → dxˆ′µˆ = eˆµˆα(x′)dx′α = (Rdxˆ)νˆ . (15)
In the case of the metric (13) the simplest choice of their components is
eˆ00 = aˆ(r), eˆ
0
i = eˆ
i
0 = 0, eˆ
i
j = bˆ(r)δij + cˆ(r)x
ixj , (16)
e00 = a(r), e
0
i = e
i
0 = 0, e
i
j = b(r)δij + c(r)x
ixj , (17)
where, according to (2), (13) and (14), we must have
aˆ = w, bˆ =
w
v
, cˆ =
1
r2
(
w
u
− w
v
)
, (18)
a =
1
w
, b =
v
w
, c =
1
r2
(
u
w
− v
w
)
, (19)
while the weight function of (11) becomes
µ =
1
b2(b+ r2c)
=
w3
uv2
(20)
since √−g = B[A(B + r2C)]1/2 = 1
ab2(b+ r2c)
=
w4
uv2
. (21)
Now we have to replace the concrete form of the tetrad components in
Eq.(10). First we eliminate its last term since it is known that this can not
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contribute when the metric is spherically symmetric. The argument is that
{γαˆ, S βˆγˆ} = εαˆβˆγˆ·
λˆ
γ5γλˆ (with ε0123 = 1) is completely antisymmetric while the
Cartan coefficients resulted from (16) and (17) have no such components.
Furthermore, in order to simplify the remaining equation, we perform the
transformation
ψ(x) = χ(r)ψˆ(x). (22)
If we chose
χ = [
√−g(b+ r2c)]−1/2 = b√a = vw−3/2, (23)
then all the terms containing the derivatives of the functions a and b are elim-
inated (while that of c is not involved). Thus we obtain the Dirac equation
in Cartesian gauge,
i{a(r)γ0∂t+ b(r)(
→
γ · →∂ ) + c(r)(→γ · →x)[1+ (→x ·
→
∂ )]}ψˆ(x)−Mψˆ(x) = 0, (24)
expressed only on familiar three-dimensional scalar products and these func-
tions of r. It is clear that this equation is manifestly covariant under rota-
tion and, consequently, all the properties related to the conservation of the
angular momentum, including the separation of the variables in spherical co-
ordinates, will be similar as those of the usual Dirac theory in the Minkowski
flat space-time.
By using (19) and the traditional notations, αi = γ0γi and β = γ0, we
can write the Hamiltonian form of this equation as
(Hˆψˆ)(x) = i∂tψˆ(x), (25)
where the operator Hˆ with the action
(Hˆψˆ)(x) = (26)
−i
{
v(r)(
→
α · →∂ ) + u(r)− v(r)
r2
(
→
α · →x)[1 + (→x · →∂ )]
}
ψˆ(x) + w(r)Mβψˆ(x)
is the Hamiltonian of the transformed Dirac field ψˆ. Obviously, according
to (22), the Hamiltonian of the field ψ is H = χHˆχ−1. In our opinion, new
interesting particular cases could be anlysed by using this form of the Dirac
equation. However, here we restrict ourselves to note only that from (26) we
can recover the known result that in the massless limit the Eq.(25) becomes
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invariant under the conformal transformations gµν → wˆ2gµν and ψˆ → wˆ−3/2ψˆ
[9] where wˆ is an arbitrary function of r.
The last step is to introduce the spherical coordinates, r, θ, φ, associated
with the space coordinates of our natural Cartesian frame. Doing this we
obtain the line element
ds2 = w2dt2 − w
2
u2
dr2 − w
2
v2
r2(dθ2 + sin2 θdφ2). (27)
The form of the Hamiltonian (26) allows us to separate the variables in
Eq.(25) as in the case of the central motion in flat space-time, by using the
four-components angular spinors Φ±mj ,κj(θ, φ) as given in Ref.[8]. These are
orthogonal to each other being completely determined by the quantum num-
ber j of the angular momentum, the quantum number mj of its projection
along the third axis and the value of κj = ±(j+1/2). Looking for particular
(particle-like) solutions of the form
ψˆE,j,mj,κj(t, r, θ, φ) =
1
r
[f+(r)Φ
+
mj ,κj
(θ, φ) + f−(r)Φ
−
mj ,κj
(θ, φ)]e−iEt, (28)
after a little calculation, we find the desired radial equations[
u(r)
d
dr
+ v(r)
κj
r
]
f+(r) = [E + w(r)M ]f−(r), (29)[
−u(r) d
dr
+ v(r)
κj
r
]
f−(r) = [E − w(r)M ]f+(r). (30)
Thus, we have shown that in the Cartesian gauge we can separate the radial
motion from the angular one which can be completely solved grace to the
conservation of the angular momentum. Like in the special relativity, the
radial motion here is described by a pair of radial equations which must be
solved in each particular case separately. In practice these can be written
directly by starting with the metric (27) from which we can identify the
functions u, v, and w we need.
The angular spinors are normalized so that the angular integral of the
scalar product (11) does not contribute and, consequently, this reduces to a
radial integral. By using (22) and (28) we find that this is
(ψ, ψ′) =
∫
Dr
dr
u(r)
[f+
∗(r)f ′+(r) + f−
∗(r)f ′
−
(r)] (31)
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where Dr is the radial domain corresponding to D. What is remarkable here
is that the weight function µχ2 = 1/u, resulted from (20) and (23), is just
that we need in order to have (u∂r)
+ = −u∂r. Therefore, the operators of
the left-hand side of our radial equations are related between them through
the Hermitian conjugation with respect to (31). The direct consequence of
this property is that the corresponding radial Hamiltonian operator is self-
adjoint. Moreover, we observe that if there exists two real constants, c1 and
c2, so that
v = r(c1 + c2w), (32)
then this is supersymmetric. Indeed, one can easily verify that a simple
rotation in the plane (f+, f−) is enough to bring it in the canonical form
of a Hamiltonian with supersymmetry [8]. On the other hand, the metrics
which satisfy (32) differ from the general ones given by (27) only by a con-
formal transformation. Thus we can conclude that the central motion of the
Dirac particle in the general relativity is up to a conformal transformation a
problem with supersymmetry.
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